Fourier Growth and the Coin Problem (lecture notes) [Edited 2025-11-18]

Course: Analysis of Boolean Functions, Autumn 2025, University of Chicago
Instructor: William Hoza (williamhoza®@uchicago.edu)

Previously, we showed that polynomial-size DNFs are concentrated up to degree O(logn), hence learnable
from random examples in time n©(°8") In these notes, we will prove Mansour’s theorem, which says that

polynomial-size DNFs are concentrated on n®{°81927) Fourier coefficients, hence learnable from queries in
time nOoglogn)

The key is to bound the “Fourier growth” of DNFs. What this means is that we will bound the quantity

> s | F(S)]-
Definition 0.1. Let f: {£1}" — R. We define Ly x(f) = > |g/= |f(S)]

It turns out that Fourier growth bounds have additional applications as well, beyond Fourier concentration
and learnability. For example, we will use our Fourier growth bounds to prove that AC? circuits do a poor
job of solving the so-called coin problem. To further illustrate this technique, we will also prove Fourier
growth bounds for regular read-once branching programs.

1 Fourier growth of bounded-depth circuits

Theorem 1.1. If f: {+£1}" — {+1} is a size-s ACY circuit, then Ly x(f) < O(logs)d=1k.

Proof. Previously, we showed that if p is a restriction and = is a completion, then

= Y F(SUU)-xu(x)-1[S € p~'(x) and U € p'({0,1})].
UC|n]

Consequently, if we sample p ~ R, and let = be a uniform random completion, then

[f!p } > F(SUU)-Elxu(@)] - Pr[S € p'(x) and U € p~({0,1})] = f(S5) - pl.

UC|[n]

Therefore,
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(The second inequality uses the facts that deg(f) < DTDepth(f) and [|f]j; < 2PTPePth(/))) If we choose p
small enough (e.g., there is a value p = 1/O(log s)?~! that works), then the geometric sum is dominated by
its first term:

SIS <p 2+ (2p- Ollogs)* )t = O(log s)@ V™. 0
|S|=k

Corollary 1.2. Let d be a constant, for simplicity. If f: {1} — {+1} is a size-s ACY circuit, then f is
e-concentrated on a set of 20((0g s)?loglog s10g(1/€)) Foypier coefficients.



Proof. We showed previously that f is (g/2)-concentrated on degree up to some k = O(log s)?~! - log(1/¢).
Define

~

F={SCn]:|S|<kand |f(S) =6}

for a suitable value § = £/O(log s)(“"1D"*_ Then f is e-concentrated on F, because

Yoo F8)2<0- ) F(S) <0-O(logs) I = g/2,

|S|<k,|F(S)|<0 |1S|<k

provided we choose 0 appropriately. Furthermore, the cardinality of F is bounded by

~

k
_ S _
|F| < Z ZS_(L;M < O(log S)(dfl)-k/6 — 9O((log s)*~!-loglog s-log(1/e)) O

D=0
In particular, when d = 2, we get:

Theorem 1.3 (Mansour’s theorem). If f: {+1}" — {£1} is a size-s DNF, then f is e-concentrated on a
set of sOUoglogslog(1/e)) Foyrier coefficients.

When s = poly(n) and ¢ is a constant, the bound in Mansour’s theorem is n?(°81°27) - The Fourier-entropy

conjecture H[Ss] < O(I[f]) would imply that the bound can be improved to polynomial. This special case of
the Fourier-entropy conjecture is known as “Mansour’s conjecture.”

Conjecture 1.4 (Mansour’s conjecture). If f: {£1}" — {£1} is a polynomial-size DNF and € is a constant,
then f is e-concentrated on a set of poly(n) Fourier coefficients.

Without proving Mansour’s conjecture, Jackson used different techniques to prove that polynomial-size
DNFs are learnable from queries in polynomial time [Jac97]. We will not prove Jackson’s result in this course.

2 The coin problem

In the coin problem, we are given a coin that lands one way with probability 1/2 + ¢ and lands the other way
with probability 1/2 — e. The goal is to figure out which side is more likely. The optimal strategy is to toss
the coin a number of times and take the majority vote of the observed outcomes. By the Chernoff bound, if
we make some n = O(1/£?) tosses, this strategy succeeds with high probability.

In this section, as an application of the Fourier growth bound from the previous section, we will show
that ACg circuits do a very poor job of solving the coin problem. (In particular, this implies that small Acg
circuits cannot compute the majority function.) We use the following notation.

Definition 2.1. For p € [—1,1], let X, denote the distribution over {£1}" in which the coordinates are
independent and each has expectation p.

Theorem 2.2. For every s,d € N, there exists = 1/O(log s)*~" such that if f: {£1}" — {£1} is an ACY
circuit of size s, then
| E[f(X,)] — B[f(X_,)]| < 0.01.



Proof.

provided we choose a small enough value = 1/0(log s)?~1. O

Q(1/d)

Corollary 2.3. If f is an ACS circuit that computes majority, then f has size at least 2™

3 Fourier growth of regular read-once branching programs

In this section, as another example of Fourier growth bounds, we study read-once branching programs
(ROBPs).

Definition 3.1 (Oblivious ROBPs). An oblivious ROBP is a layered digraph with layers Vp, Vi,..., V. For
every i € [n], each vertex v € V;—1 is labeled ;) for some permutation 7: [n] — [n]. Furthermore, v has
two outgoing edges labeled 0 and 1 pointing to V;. There is a designated “start vertex” vgart € Vo. Given an
input x € {0,1}", we start at vsars, and in step i € [n], we query z,(; to determine which outgoing edge
to traverse. We arrive at a vertex v € V,,. There is a designated set of “accept vertices” Ve C Vi,. We set
f(z) =1if v € Vaee and f(z) = 0 otherwise. Thus, the program computes f: {0,1}" — {0,1}. The width of
the program is max; |V;].

We say that the program is regular if every vertex in V3 U --- UV, has two incoming edges.

If u € V;, then we write f,,_, to denote the ROBP on layers V;, V;11,...,V, in which u is the start vertex.
Similarly, if S C V;, then f_,g is the ROBP on vertices Vj,...,V; in which S is the set of accepting vertices.
We write f,, as a shorthand for f_, (..

Regular oblivious ROBPs are in many ways very different from AC? circuits. For example, we proved that
ACY circuits are concentrated at low degree, whereas in contrast, there is a trivial width-2 regular oblivious
ROBP that computes the parity function, hence regular oblivious ROBPs are not concentrated at low degree.
In fact, one can check that the inner product function can be computed by a regular oblivious ROBP of
width 4. Recall that the inner product function is “maximally non-concentrated:” every Fourier coefficient
has absolute value precisely 2-"/2.

Nevertheless, we will prove that regular oblivious ROBPs satisfy a strong Fourier growth bound, similar
to AC? circuits. The proof is completely different from the ACY proof. We begin by bounding the level-1
Fourier coefficients.

Lemma 3.2 (Level-1 Fourier coefficients of regular oblivious ROBPs). Let f: {0,1}" — {0,1} be a width-w
regular oblivious ROBP. Then Ly 1(f) < E[f] - w.

Proof. Let m be the number of rejecting vertices in the final layer. We will prove a bound of E[f] - m by
induction on n. The base case n = 0 is trivial, so assume n > 0. Let Vp, Vi,...,V, be the layers of f.



Partition the penultimate layer V,,_; into three sets, V,,_1 = RU S UT, based on the number of accepting
edges from each vertex:

R={veV,1:E[fos] =0}
S={veV,_1:E[fos] =1/2}
T = {UEan [ ]—1}

Because f is regular, we have m = |R| + $|S|. Assume without loss of generality that ,, is the variable that
the program reads in step n. Then for each i < n, we have
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Therefore, by induction, we have

Z 7)< 5 Elfsr]- RUS| 4+ Elfosur] - 1B
= SElfs] - |RI+Elfor] - m
Meanwhile, at ¢ = n, we have
Fol=[ar@) - ol < B[Rl @] = e < R,

because |S| is even (recall m = |R| + 3|S|). Combining the bounds, we get

o170l < Bl (Y5 + B 4 Blpa

2 4
= E[fﬂs] m/2 + E[f*)T]
m - (E[f-s]/2 + E[f-1])
= mE[f] O

Now we move on to the higher-order Fourier coefficients. There is a convenient formula for the Fourier
coefficients of an ROBP in terms of the Fourier coefficients of its subprograms. A standard-order ROBP is
an oblivious ROBP that reads the variables in the order xq,..., ;.

Lemma 3.3. Let f be a standard-order ROBP with layers Vo, Vi,...,V,. Leti € {0,1,...,n}, let S C [i],
and let T C [n] \ [i]]. Then

FSUT) =" Fou(S) - fuss (D).

veV;

Proof. Sample (z,y) € {0,1}" uniformly at random, where |z| =i and |y| = n — i. By the Fourier coefficient
formula,

FSUT) =E[f(z,y)  xsur(@.v)] =E | [ Y fou(@)fos () | - xs(@) - X7 (1)
veV;
=Y Elfso(@) - xs(z) - fos(4) - X2 (1)]
veEV;
=" Fou(S) - s (D). O
veV;
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Our plan is to bound Lj ;(f) by induction on k. Indeed, using Lemma 3.3, we can bound the level-(k + 1)
Fourier coefficients in terms of the level-k Fourier coefficients as follows:

Lemma 3.4. Let f be a standard-order oblivious ROBP with layers Vo, Vi,...,V,. Then
Liera(F) <) Liglfoo) - 1fos (D).
i=1 veVi_,

Proof.

3

Lign(H)= Y. F®I=>" Y f(ru{ip)|= > ST (D) Fs i)
=1

|S|=k+1 TCli—1,|T|=k =1 TC[i—1],|T|=k |vE€Vi-1
n —_— —_—
< Z |fﬁv(T)| |fv%(l)|
i=1veV;_1 \TC[i—1],|T|=k
n —
= Ll,k(f—)v) . ‘fv—>(2)| O
i=1veV;_4

In the bound above, the absolute value signs around ﬁH(z) are annoying. Recall that if f: {0,1}" — {0, 1}
is monotone, and F = (—1)f, then

~ 1+ 1
f(i) = =5 F(i) = =5 Infi[f] <0,
2 2
so we can remove the absolute value signs and say |f(z)| = —f(z) More generally, the same conclusion holds

if f is locally monotone:!
Definition 3.5 (Local monotonicity). Let f: {0,1}" — {0,1}. We say that f is locally monotone if for every
i € [n] and every z € {0,1}"!, we have

e {O{El}n_i[f (20y)] < e {O]E}n_i[f (z1y)].

Locally monotone functions are not necessarily monotone.? However, locally monotone function always
have non-positive degree-1 Fourier coefficients, just like monotone functions:

~

Lemma 3.6. If f: {0,1}" — {0, 1} is locally monotone, then f(i) <0 for every i € [n].

Proof.
P b 1 o
f(z)—xbye%vl}n[f(xby) (—1)"] IE{OIE}Z._I 2be%;l}ye{0§}n_i[f(xby) (—1)"]
1
B ﬂf/‘E{OI,EZ:l}i‘1 [2 (ye{OIE}”—i[f(xoy)] - ye{oﬁ}n—i[f(xly)]ﬂ
<0. .

To bound Ly ;11(f), our approach is to reduce to the locally monotone case, via the following construction.

Lemma 3.7 (Local monotonization). Let f: {0,1}" — {0,1} be a standard-order ROBP. By only relabeling
the edges of f, it is possible construct another standard-order ROBP f' such that for every vertex v, the
function f,— is locally monotone.

"Warning: This definition is not standard.
2For example, let f(x,y,2) = (x Ay) V (T A 2).



Proof. At each vertex v, swap the labels of the outgoing edges if necessary in order to ensure that
E;[fo—(1x)] > Egz[fu—(0x)]. The order in which we visit the vertices doesn’t matter, because relabel-
ing edges does not affect acceptance probabilities. O

Theorem 3.8. Let f: {0,1}" — {0,1} be a width-w regular oblivious ROBP. Then L1 1 (f) < w".

Proof. We will prove that Ly x(f) < w® - E[f] by induction on k. The base case k = 0 is trivial. For the
inductive step, assume without loss of generality that f is a standard-order ROBP. Let f’ be the local
monotonization from Lemma 3.7. Then

Ligar(H) <D0 Y Liwlfo) - s ()] (Lemma 3.4)
i=1veV;_q

<wh- 3TN B[] [fn ()]
=1 veV;_;

=uwt 3T @) FiLG)
=1 |veV;_1

=" |F)
i=1

< wFt L E[f] (Lemma 3.2)

= wh L E[f]. O

Corollary 3.9 (Coin problem bound). If f: {£1}" — {0,1} is a width-w regular oblivious ROBP, then
|E[f(Xu)] = E[f]] < O(p - w).
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